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A Method of Solution for Certain Problems
of Transient Heat Conduction

F. J. Rizzo* AND D. J. SHIPPY*
University of Kentucky, Lexington, Ky.

This paper develops a numerical treatment of classical boundary value problems for ar-
bitrarily shaped plane heat conducting solids obeying Fourier's law. An exact integral formula
defined on the boundary of an arbitrary body is obtained from a fundamental singular solu-
tion to the governing differential equation. This integral formula is shown to be a means of
numerically determining boundary data, complementary to given data, such that the Laplace
transformed temperature field may subsequently be generated by a Green's type integral
identity. The final step, numerical transform inversion, completes the solution for a given
problem. All operations are ideally suited for modern digital computation. Three illustra-
tive problems are considered. Steady-state problems, for which the Laplace transform is un-
necessary, form a relatively simple special case.

Introduction

AFORMULATION of the various transient boundary
value problems associated with isotropic solids obeying

Fourier's law of heat conduction is developed. An exact in-
tegral formula is derived relating boundary heat flux and
boundary temperature, in the Laplace transform space, that
corresponds to the same admissible transformed temperature
field throughout the body. Part of the boundary data in the
formula is known from the description of a well posed bound-
ary value problem. As is shown, the remaining part of the
boundary data is obtainable numerically from the formula it-
self regarded as a singular integral equation. Once both trans-
formed temperature and heat flux are known everywhere on
the boundary, the transformed temperature throughout the
body is obtainable by means of a Green's type integral
identity. This identity yields the field directly in terms of
the mentioned boundary data. The final step, transform in-
version, although done approximately also, is accomplished by
a technique particularly well suited to the class of problems
under investigation.

The main feature of the solution procedure suggested
is its generality. It is applicable to solids occupying domains
of rather arbitrary shape and connectivity. Boundary data
may be prescription of temperature, or heat flux, or parts of
each corresponding to a mixed type problem. Also, a linear
combination of temperature and flux may be given corre-
sponding to the so-called convection boundary condition.
The same boundary formula described previously is applicable
in every case. Approximations in the transform space are
made only on the boundary, in contrast to finite difference
procedures, and the approximations made are conceptually
simple, natural to make, and give rise, as is shown, to very ac-
curate data for a relatively crude boundary approximation
pattern. Problems posed for composite bodies, i.e., two or
more heat conducting solids bonded together, are particularly
amenable to the present treatment. One computer program
is employed which utilizes only data describing the domain
geometry, boundary temperature or flux, material properties,
and a sequence of values of the transform parameter neces-
sary for the inversion scheme. Output is the transformed
temperature at any desired field point. A second program in-

Received September 15, 1969; revision received March 13,
1970. Portions of this work were supported by the Graduate
School of the University of Kentucky. The authors acknowledge
the generosity of the University of Kentucky computing center
in making available their facilities.

* Associate Professor, Department of Engineering Mechanics.

verts the transformed temperature numerically to yield the
final transient solution.

Although details of the mathematical development are given
only for two spatial dimensions, the basic idea behind the
present method is not limited to plane problems. Three il-
lustrative problems are considered and data are compared with
known analytical solutions. Finally, steady-state problems,
while not necessarily trivial, are quite easily handled by a con-
siderably simplified version of the transient formulation.
The manner of treating such problems is indicated.

Formulation

Let a homogeneous isotropic heat conducting solid occupy
a region D of the plane; the boundary C of D is considered, at
present, to have a continuously turning tangent. Using
Fourier's law of heat conduction, i.e.,

q(p,t) = - (D

an energy balance throughout D (in the absence of internal
heat sources) requires (c.f. Ref. 1, p. 140)

where q is heat flux at point p at time t, and T is absolute
temperature. The constants k, p, and c are, respectively, the
conductivity, mass density, and specific heat. A linear bound-
ary condition of the form

M(dT/dn)(Q,0 + NT(Q,t) = G(Q,t),Q on C t (3)

includes the most commonly specified boundary conditions
for physical problems by a proper choice of constants M and N
and function G. For example, M = —k,N = Q, and G = q,
where g is known on (7, yields the heat input boundary condi-
tion. N = 1, M = 0, and G = /, where/is known on C yields
the boundary temperature condition. Also included is the
convection condition for a solid immersed in a medium of
known temperature T0, i.e.,

- T(Q,t)] (4)

where h is a known surface heat transfer coefficient. Finally,
mixed boundary data over C are possible, i.e., one type of
boundary condition may be specified over a part C\ of C with
another type specified over the remaining part C%. Unique-
ness of solution of the various boundary value problems under
relatively broad smoothness assumptions has been estab-
lished.2
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Next, denote the Laplace transform of a function g(p,t),
when it exists, f by

(5)g*(p,s) ~ £s \g(pf)} = Jo°° g(p,t)e~si dt

and limit attention (for subsequent numerical purposes) to
real and positive s. Assuming that all pertinent functions
possess Laplace transforms, Eqs. (2) and (3) in the transform
space for zero T(p,Q) (et seq.) become, respectively,

xV*T*(p,s) - sT*(p,s) = 0 (6)

M&T*/&n)(Q,s) + NT*(Q,s) = G*(Q,s) (7)
The function

U*(p,p',s) = (l/2Tx)tf0[(8/x)1/2r], K = k/pc (8)

in which K0 is a modified Bessel function of the second kind,
zero order, and r is the distance between arbitrary points p
and p' in D, identically satisfies Eq. (6) (for r ^ 0) as direct
substitution will verify. It is easily shown that

U* = £.{U]
where

U(p,p',t) = (9)

is the temperature field due to a concentrated heat source of
unit strength at p (Ref. 1, p. 166). Now if Green's reciprocal
identity (c.f. Ref. 4, pp. 215-219) is applied to U* and an
arbitrary sufficiently smooth solution T7* to Eq. (6), the result
is the identity

T*(p,s) = xfc[(*T*/t>n)(Q,8)U*(p,Q,8) -
T*(Q,8)(*>U*/M)(p,Q,8)]dS (10)

where explicit point dependence of the function is indicated.
The integral is taken keeping D on the left and n is the out-
ward normal.

Identity Eq. (10) is of the classical Green's (third) type
which expresses the basic dependent variable, here trans-
formed temperature, in terms of its boundary values and
boundary values of its normal derivative. Clearly, however,
since both boundary functions are not simultaneously obtain-
able on C from a well posed prescription of boundary data,
integrals of the type [Eq. (10) ] do not explicitly yield the de-
pendent variable in D. A formal analytical development at
this point leading to an explicit solution for T* would be to
add a domain dependent function F* to U* with the property
that dependence in Eq. (10) on whatever portion of T7* and
dT*/()n is unknown on C is eliminated. An inverse Laplace
transform would formally complete the solution. However,
the difficulties in finding F* (or its inverse, V) for any but the
simplest domains are well known (c.f., comments in Ref. 1,
p. 183). Indeed, the level of difficulty in obtaining analytical
solutions to heat conduction problems by any means are well-
appreciated such that approximate techniques must often be
used for a specific problem. However, rather than abandon
the inherent generality of Eq. (10), we seek instead to base a
numerical solution upon it and to exploit that generality, via
the modern computer.

Toward this end let P be an arbitrary point on C and as-
sume T*(Q,s) and (dr*/dn) (Q,s) are "differentiable' on C.
The order of the singularities of U* and &U*/dn are, re-
spectively, such that the integrals in Eq. (10) have properties
identical to the simple and double layer potentials of potential
theory (c.f. Ref. 4,5). Thus in the limit as p -* P, Eq. (10)
becomes

T*(P,s) + 2xfc[T*(Q,8)
= 0 (11)

f For precise statements concerning existence and properties of
Laplace transforms see, for example, Widder.3

in which improper integrals (i.e., when Q coincides with P)
are understood in the sense of their limiting values (c.f.
Ref. 5, p. 26). Equations (11) and (7) are now regarded as a
pair of equations, defined on C, from which T* and dT7*/^
may be completely determined on C. If this is done, Eq. (10)
yields, in fact, the solution T*(P,s) in D.

Specifically, substituting prescribed boundary data from
Eq. (7) into Eq. (11), the latter becomes a singular integral
equation in those parts of T* and/or &T*/dn not prescribed.
As such Eq. (11) represents a departure from the classical
treatment of elliptic boundary value problems via integral
equations (c.f. Ref. 4,5). Normally, simple or double layer
potentials dependent on relatively obscure surface density
functions are assumed at the outset where the choice is
governed by the type of boundary value problem. Unknowns
in the resultant integral equations are the mentioned surface
densities. On the other hand, Eq. (11) provides a "compati-
bility" relation between the complementary functions T7*
and d77*/dn for the purpose just described and thus plays a
role for heat conduction problems which others of its type
(that have only recently appeared, e.g., Ref. 6-8) play for
potential theory and elasticity theory. The role is, of course,
to provide with a single functional relation [here Eq. (11)] a
mechanism, in principle, for solution of problems involving
arbitrary shape and type of boundary conditions.

Generally, solution of Eq. (11) for a given problem is out of
the question analytically. We should remark, however, that
under the assumptions made, Eq. (11) is expected to have a
unique solution for the required unknowns. Proof of this is
possible by direct appeal to the theorems of Fredholm.5 Also,
the uniqueness discussion8 is applicable since Eq. (11) is
mathematically a special case of Eq. (5.5).8

It may also be remarked that if the region D occupied by
heat conducting material is multiply connected, all of the
foregoing arguments and statements may be shown to be
valid. Further, a composite solid is formed by allowing the
voids in the multiply connected region to be filled with ma-
terial with different properties &, p, and c. Equations identi-
cal to (10) and (11) then exist for each separate body. Bound-
ary conditions are then that the transformed temperature and
also the transformed heat flux are continuous across the
boundaries.

Finally, if the boundaries described previously fail to have a
unique tangent at a number of isolated points, i.e., corners at a
number of points on C, it may be shown (c.f. Ref. 5 Appendix
2) that a modification of the factor 2% in Eq. (11) is required if
P occupies a corner point. The modification is related to the
angle of the corner. However, although a problem is subse-
quently posed for a square domain D, we never allow P to
occupy any of the four corner positions such that Eq. (11)
may be used without modification.

Numerical Procedures in the Transform Space

The method of approximate solution for the present class of
boundary value problems is a) to replace Eq. (11) by a system
of linear algebraic equations, b) to solve these equations for
piecewise constant values of unknown parts of the functions
T7* and dT*/dn on C, c) to perform the integrations in Eq.
(10) to obtain T* at desired p, and d) to invert T* at p
numerically for a complete approximate solution in the time
domain.

Consider, first, steps (a-c). An approximate form of Eq.
(11), i.e.,

r*(P,,«) + 2*
/•

t,s) f
J £

dS -

= 0, (T? = 1,2,. . .N) (12)

is obtained by assuming that T7* and c)77*/dn have piecewise
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constant values, denoted by T*(Q^s) and (dT*/<X) (Qt,s)
over each of TV selected intervals of C. Discrete point P^
are chosen successively within each of the intervals. Only
integrals of known functions over the intervals occur such
that Eq. (12) are a system of N linear algebraic equations
in the variables T*(Qs,s) and $T*/dri)(Qs,s). Therefore,
once C is described and a value of s chosen, the integrals

is logarithmic, the integral, although improper,

(13)
may be evaluated (as will be discussed subsequently) by a
digital computer such that A^, B^ are regarded as known
coefficients of the mentioned variables. System (12) may
therefore be written in matrix form

(1 + 2%A)T* - BTn* = 0 (14)
in which T* and Tn* are column matrices with elements
T*(Qs,s) and (bT*/&ri)(Qs,8), respectively; A and B are
square (N X N) matrices with elements (13); and 1 is the
identity matrix. If the constants M and N and the function
G* of the generalized boundary condition Eq. (7) are specified
at each interval of C, N of the 2N items of discrete transformed
boundary data T* and Tn* may be expressed in terms of the
other N items. System (14) then becomes N equations in N
unknowns. These equations are solved for the selected value
of s such that both T* and Tn* for that value of s are now
known.

The inversion procedure to be described requires a se-
quence of numerical values of a transformed function. Thus,
Eq. (14) is actually formed and solved for a sequence sp (p =
1,2,. . . M) of real, positive values of the transform parameter.
Therefore prior to step c), Eq. (14) is solved M times such
that a sequence of values of transformed boundary data, i.e.,
Tp* and Tnp* is subsequently known. Thus, with Tp* ===
T*(Qs,8P) and Tnp* = (d!T*/dn) «k,*P) known on C the in-
terior transformed temperature sequence is now obtained by
means of Eq. (10) according to

(&,SP) f U*(p,Q,Sp)dS -
J %

(p,Q,sP)dS (15)

Note, no additional approximation is involved in Eq. (15).
The key issue in the aforementioned discussion of approxi-

mations is the actual evaluation of the integrals (13) and (15).
From Eq. (8), it is apparent that integrals (13) may be written
more explicitly in the form

Art = - 1/2™ ft (s/x)1'2 dr/dn Ki[(8
(16)

where r is the distance between P^ and Q. The points P^ and
Q% are chosen at the middle of their associated intervals.
Clearly, P^ will coincide with Q%, i.e., intervals £ = 17, once in
each equation of the system (14). The integrals (16) then
become improper and special attention is required in their
evaluation.

First note that the easily established identity
=3 r dd/dS (17)

where 6 is the angle of r with the horizontal at P^, casts A^ in
the form

Art = -1/torxfs K*/*)1'*] £i[(«/x)1/ar]d0 (18)
For £ ^ 77, both A,$, given by Eq. (18), and B^ are obtained
using a 3-point Simpson approximation. The true arc length
A£ between points is used for B^ rather than merely the
chord length while the angle change A0 between points, with
Prj as vertex, is used for A^. For £ = 77, the assumption
dS = dr is made and since the singularity of K0 at r = 0

(19)

exists and is easily integrated numerically (c.f. Ref. 9, p. 379
and Ref. 10, Table 4.6). Further, the form of A^ from Eq.
(18) illustrates that since the singularity of KI(Z) is of the
order 1/2, the integral Ayr, also exists and can be evaluated ap-
proximately like BW Finally, the integrals in Eq. (15), since
they involve no singularities, are all evaluated using a Simp-
son approximation as for the corresponding (£ ^ 77) boundary
integrals.

Required input to the computer for all approximations
described thus far are cartesian coordinates of Q%, 65-1/2,
Q£+ 1/2 and selected p] values of A/S, N, and x; the elements
in the sequence sp; and, finally, known elements of dis-
cretized boundary data. The manner of choosing sp will be
described in a following section.

Steady-State Problems

If the temperature in a heat conducting solid, as considered
previously, is independent of time t Eq. (2) reduces to La-
place's equation, and the boundary condition (3) remains the
same except that the functions are now time independent.
Using the function W = log r(p,pr) as a replacement for
C7*(p,p',s) and T(p) as a replacement for T*(p,s), a develop-
ment, parallel in every respect, may now be carried out
through Eq. (15). Details, of course, are considerably
simpler and no transform is involved. Although the context
of the present discussion is steady state heat conduction, the
outlined reduction leads to a formulation which is essentially
the samet as given by Jaswon and Ponter6 for the St. Venant
torsion problem. Examination of the numerical data present
in Ref. 6 will give an indication of the good accuracy one may
expect in the solution of steady state problems by the present
techniques.

Transform Inversion

The problem of inverting a general transform function,
known only numerically, is treated in the survey article by
Cost.11 He discusses, at least briefly, most of the important
methods of approximate Laplace transform inversion includ-
ing those proposed by Widder,3 Alfrey,12 Papoulis,13 and
Schapery.14 Bellman15 also provides a lucid account of the
pertinent aspects of transform inversion in general. From the
cited work, it is quite clear that no existing method of approxi-
mate inversion can be expected to provide acceptable results
for completely arbitrary transform functions. However, un-
der certain frequently reasonable (and fortunately not too
severe) restrictions on the character of the transform func-
tions, or perhaps on the function of time sought, excellent re-
sults are obtainable by the cited schemes as well as others.11-15

For the example heat conduction problems to follow, we
adapt the "collocation" inversion method of Schapery14 pro-
posed for viscoelastic stress analysis and seek solutions for
temperature pointwise in the form

g(t) = A + Bt + 0(0 (20)

in which A and B are constants and 0(0 is called the "tran-
sient" part of 0(0. We further assume 0(0 to be approximately
representable by the finite Dirichlet Series

0(0 = ape -bpt (21)

J Some suggestions for the numerical evaluation of the elements
of the matrices A and B given above differ with Ref. 6. For
example, explicit introduction and use of the variable 0 has al-
lowed a numerically more convenient, efficient and accurate
evaluation of the A elements than is proposed in Ref. 6.
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where ap and bp are constants. A necessary and sufficient
condition14-16 for a function B(t) to be expandable in a conver-
gent Dirichlet series is that the integral of 02(t) over all posi-
tive t exists. It may be argued, (c.f. Ref. 1, Chap. 7) that heat
conduction problems involving boundary functions G which
are constant functions of time have solutions with transient
parts that meet this requirement. For more general G(Qjt),
we may obtain the solution from that for a constant time in-
put by means of the Duhamel superposition integral (e.g.,
Ref. 2, pp. 30-31) such that assumptions Eqs. (20) and (21)
are less restrictive than first appear. This point is amplified
in the next section.

The transform of Eq. (20), after multiplication by s and in-
clusion of Eq. (21), is

r>
sg*(s) = A +- +

P = l
bp/s

(22)

Values of bp are now taken to be the first m of the M elements
of the previously selected sequence sp: bp = sp, p = 1,2, . . ., m;
M = m + 2. The manner of choosing this sequence (which
must clearly be done even before g*(sp) can be explicitly ob-
tained) is still best deferred to the next section where numeri-
cal examples are considered. However selected, the M ele-
ments sp and associated elements g*(sp) are substituted con-
secutively in Eq. (22), resulting in a set of M simultaneous
nonhomogeneous linear algebraic equations in a total of M
unknown quantities: A, B, and m quantities ap. These may
be solved, in principle, by any standard routine. However, it
is possible to determine A and a priori B since the limiting
forms of g(t) for zero and indefinitely large t are usually known.
In any case, it is always possible to determine B beforehand
by means of the equation

lim s*g*(s) = B (23)

which follows immediately from Eq. (22). Further, since the
initial temperature is taken to be zero, Eqs. (20) and (21)
imply that

A = - (24)

This expression for A may be substituted in Eq. (22) prior to
solving for ap.

Illustrative Examples

As a check on the accuracy of the approximations described
in the foregoing sections, we first consider the problem of a
uniform circular cylinder, initially at zero temperature, sub-
jected to the convection boundary condition (4). For con-
venience, the parameters %, TO, and the cylinder radius R are
all taken to be unity. Further, (h/k)R = 2 and the boundary
of the circle is divided into N = 24 equal intervals.

Table 1 Temperature variation in cylinder

Time
(logioO

-4.
-3.
-3.
-2.
-2.
_ 2
— 1.
-1.
-0.
-0.

0
0.
0.

0
6
2
8
4
0
6
2
8
4

4
8

r ••

Ana-
lytical

0
0
0
0
0
0
0
0.
0.
0.
0.
0.
1.

007
134
517
896
998

,000

= 0

Nu-
merical

-0.
-0.

0.
0.

-0.
0.

-0.
0.
0.
0,
0.
0
1

002
001
001
001
001
001

.001

.007

.135
,516
.897
.998
.000

r =

Ana-
lytical

0
0
0
0
0
0
0
0.
0
0,
0.
0
1

.005
,061
.249
.591
.912
.998
.000

0.5

Nu-
merical'

-0.001
-0.001

0
0.001

-0.001
0.001
0.005
0.061
0.248
0.590
0.912
0.998
1.000

T =

Ana-
lytical

0.
0.
0.
0
0
0o
0
0
0
0
0
1

,028
,037
.055
.085
.131
.199
.295
.423
.584
.780
.953
.999
.000

1.0

Nu-
merical

0.026
0.034
0.052
0.086
0.133
0.199
0.295
0.423
0.584
0.780
0.953
0.999
1.000

I04 10' 10' K)1 10° 10"

Fig. 1 Transformed temperature in the cylinder.

Next, we choose a sequence of transform parameter values
sp to obtain the required sequences of transform data as indi-
cated earlier. Schapery14 shows that if a plot of sg*(s) vs log s
can be obtained, the significant range of s needed in the inver-
sion scheme, i.e., the first and last terms of the sequence spj
can be chosen by inspection. For example, the variation of
sT*(s) with log s for two locations in the cylinder is shown in
Fig. 1. Clearly, the significant range of s referred to is be-
tween a minimum of about —0.1 and a maximum of about 100
for one curve, and 0.1 to 1000.0 for the other curve. Outside
of these ranges sT*(s) is essentially constant. Schapery then
suggests choosing a sequence with Si equal to the minimum
significant value such that Sp+i/sp = 10.0 with a sufficient
number of terms m such that the significant range of s is
covered. With sp so selected, the outlined inversion process
may be used to obtain T(t) at a point p as required.

Note that this manner of selecting sp presupposes that a plot
of sg*(s) is available for purposes of selecting the significant
range of s. However, it is always possible to choose a se-
quence sp rather arbitrarily, plot s#*(s) based on the arbitrary
choice, and subsequently choose the sequence necessary for
inversion as described by Schapery.

For the cylinder problem and also for the illustrative prob-
lems to be subsequently considered, a sequence of m = M =
14 terms is chosen beginning with Si = 0.1 such that Sp+i/Sp =
2.0. This choice represents a departure from Schapery's
work in that he uses only a ratio sp+i/sp = 10.0. There ap-
pears to be no reason to limit the ratio to 10.0. Indeed, com-
pared to the transient responses obtained with a ratio of 2.0,
unsatisfactory responses were obtained using a ratio of 10.0.
Other ratios between 10.0 and 2.0 were tried, and, generally,
results improved with decreasing ratio.

Using the sequence sp with a ratio of 2.0, transformed
temperature data are compared with the analytical trans-
formed solution (Ref. 12, p. 329) in Fig. 1 for two values of
the distance r from the center of the cylinder. The accuracy
of the transformed solution for N = 24 is such that there is a
difference from the analytical solution only in the third sig-
nificant figure. This accuracy increases with increasing N.
Numerical data representing the transient temperature re-
sponse based on the ratio sp+i/sp = 2.0 are compared in
Table 1 with the corresponding analytical values (Ref. 2, p.
202) for three distances from the center of the cylinder.
Tabuler comparison of transient data is chosen to display the
differences which arise again, at most, in the third significant
figure; however, it should be noted that the increments in
time shown are chosen for brevity. A continuous approximate
time solution is provided by Eq. (20) such that comparison
with analytical data may be made for all tj and indeed, the ac-
curacy shown in Table 1 is typical.

A Gauss-Jordan matrix inversion scheme was used to
solve for the coefficients ap in Eq. (22). As Schapery indicates,
and as might be expected, accuracy in determining the tran-
sient response generally improves with the number of elements
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Table 3 Temperature variation in square prism

1.0 r

(0.8,0.8)

(0.4,0.4)

1__ __ __ __ __ (0.8.0)

Fig. 2 Quadrant
of square region.

1.0

m of the sequence. Therefore, by varying the ratio, one can
vary the value of m in covering a given significant range of s;
whereas, using a fixed ratio, e.g., 10.0 as Schapery does, the
value of m is determined unless the range is exceeded. The
ratio of 2.0 thus fits the range 0.1 to 1000.0 with a larger num-
ber (m = 14) of terms than the mentioned higher ratios.

The problem of a uniform square prism is considered next,
the lateral surface of which is subjected to a uniform, constant
temperature / = 1. The boundary of the square is divided
into N = 44 equal intervals, each corner lying at a boundary
between intervals as shown in Fig. 2. Note that points P.n
thus never occupy a corner, as mentioned earlier. Using the
same sequence sp as used in the previous problem, numerical
data in the form T(t) for four locations in the square are given
in Tables 2 and 3. Comparative results were obtained from
the analytical solution in Ref. 2, p. 173. We remark, in
passing, that a comparison of the quality of the transformed
temperature solution, at the same locations p, with the cor-
responding analytical values2 wras generally as favorable as
for the preceding problems.

It is important to note here that having obtained T(t) at p
for uniform constant boundary conditions G in the preceding-
problems, the solution v(p,l) for time dependent boundary
conditions G(t) may be given (c.f. Ref. 2, p. 31) directly by

= G(0)T(p,t) T(p,\) (p,t - (25)

with no additional approximation whatever, i.e., for analyti-
cally expressed G(t) the integral [Eq. (25) ] may be evaluated
exactly. In reality then, the outlined procedures yield the
solution for arbitrary, uniform, time dependent G. Solu-
tions for nonuniform G, i.e., a function of Q as well as t, may be
similarly built up by means of the expression

dT
(26)

which is the solution for G(Q,t) applied at t = 0. However,
unlike the case for uniform G, additional approximation would
be involved since T(p,\,t) continuous in X cannot be obtained
by the outlined procedures. For such cases it would, per-

Table 2 Temperature variation in square prism

Time
(logioO

-2.0
-1.6
-1.2
-0.8
-0.4

0
0.4

X

y
Analyti-

cal

0
0
0.019
0.280
0.773
0.988
1.000

= 0
= 0

Numerical

-0.001
0.001
0.019
0.279
0.773
0.988
1.000

y =
Analyti-

cal

0
0.015
0.174
0.509
0.851
0.992
1.000

0.4
0.4

Numerical

0
0.015
0.173
0.508
0.851
0.992
1.000

Time
(logioO

-3.0
-2.6
-2.2
-1.8
-1.4
-1.0
-0.6
-0.2

0.2

X

y
Analyti-

cal

0
0.005
0.075
0.261
0.479
0.672
0.854
0.978
1.000

- 0.8
= 0

Numerical

-0.003
0.003
0.074
0.257
0.473
0.669
0.852
0.977
1.000

X

y
Analyti-

cal

0
0.010
0.144
0.454
0.728
0.881
0.955
0.993
1.000

= 0.8
= 0.8

Numerical

-0.008
0.007
0.142
0.444
0.723
0.877
0.954
0.992
0.999

haps, be well to abandon Schapery's technique in favor of one
(Ref. 12,16) not requiring assumptions Eqs. (20) and (21).

Finally, the capability of the solution procedure to handle a
boundary condition of mixed type is shown by the solution of
a modified version of the previous problem. The modification
involves insulating perfectly two opposing sides (x = ±1)
of the prism, while the other two sides are subjected to a uni-
form, constant unit temperature as before. Thus, tempera-
ture is prescribed over part of the boundary, while (0) heat
flux is prescribed over the remainder, This problem is equiva-
lent to that of a uniform infinite slab, over both surfaces of
which a uniform, constant temperature is prescribed. For
this problem the boundary of the square is divided into only
N = 2Q intervals in the same manner as for the previous
problem. The time variation of temperature at four locations
are presented in Table 4 together with corresponding analyti-
cal data from Ref. 2, p. 100. Note that although the same
sequence sp is used as before, the data comparison is not as
good because of the larger boundary subdivision and as-
sociated less accurate transform data. However, even though
N = 20 represents a quite crude approximation the accuracy
is acceptable for most purposes and such accuracy for small N
is perhaps surprising despite the relative simplicity and sym-
metry of the problem. An additional point to be made here
is that errors in the transform data obtained as described lead
to comparable errors in the transient solution. This is not
always the case for different transform inversion schemes
(c.f. Ref. 11, 15).

Concluding Remarks

All numerical data in the transform space were obtained by
taking advantage of symmetry. Specifically, elements of the
A and B matrices in Eq. (14) were obtained only for points
Pn occupying positions in the first quadrant of the domain
boundaries C. Thus only N/4 of Eqs. (14) were actually formed
and solved on the computer. In general, if no symmetry is
present, dealing with the full system of N equations is still
practicable in light of the small computer times (IBM 360-50)
involved. For example, to solve the N/4 system of algebraic
equations for fourteen values of the transform parameter for

Table 4 Temperature variation in square prism
with two insulated sides

(logioO

-3.
-2.
-1.
-1.
-0.

0
0.

0
4
8
2
6

6

Ana-

Call x)

0
0
0
0.010
0.317
0.892
1.000

y = 0

Numerical

X

0
-0

0
0
0
0
1

= 0

.001

.001

.010

.318

.895

.000

x =

0.
-0.

0
0.
0.
0.
1.

1.0

001
001

010
321
897
000

Ana-
+ i r>a l

Call x}

0
0.
0.
0.
0.
0.
1.

.025

.261

.573

.787

.967
000

y = 0.8

Numerical

x =

-0
0.
0.
0
o.
o.
1.

= 0

.002
,032
.260
.562
.783
.966
.000

x= 1.0

0.001
0.016
0.227
0.569
0.794
0.970
1 . 000'
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the cylinder problem with N = 24 required only three min-
utes. Also, to obtain ap for the inversion process and 26 values
of T(t) at one point p required, typically, less than \ min for
fourteen terms.

With regard to the conditioning of the key algebraic Eqs.
(14), we remark that they are similar in character but es-
sentially simpler than Eqs. (10) in Ref. 17 [also Eqs. (35) in
Ref. 18] where the conditioning effect of increases in N,
presence of corners, and changes in boundary interval spacing
are more fully discussed. It suffices to remark here that the
mere presence of corners using the outlined techniques causes
no difficulty with all data (see Tables 3 and 4) obtained near
and on the boundary itself. Rounding of corners, as is neces-
sary for example, in Eq. (19) where a similar singular integral
technique is used, is not required here. Significant increases
in N, on the other hand, lead first to impractical demands on
computer capacity that are unnecessary because of the neg-
ligible accuracy increases that occur long before ill-condition-
ing is experienced. In regard to spacing changes, ill-condi-
tioning can result if interval spacing changes significantly.
However, this can be circumvented by scaling of certain of the
Eqs. (19) before attempting to solve them as described in
Ref. 17.

Finally, in regard to the popular finite difference and re-
lated methods of approximate solution, the following remarks
are in order. In the present analysis, a sequence of trans-
formed temperature data need be obtained only at field points
where the transient solution is actually desired. This is ac-
complished by an interval-node§ network only on the bound-
ary of the domain, where irregularity of shape is totally unim-
portant. Further, as was shown, N need not be large. In
effect, then, a two-dimensional problem involves a one-dimen-
sional spatial approximation with an associated number N
(assuming no symmetry) of algebraic equations. This is in
contrast to a network of the order TV2 required for a finite-dif-
ference procedure where a) N frequently must be large for ac-
curacy,^ b) the form of the difference equations must be
altered depending on the boundary conditions, and c) special
attention to preserve accuracy is required for irregular bound-
aries, i.e., the boundary intersects the network strings. In
the present scheme, the first and fundamental approximation
is that of piecewise constant !T* and dT*/dn on C such that
following the solution of a comparatively small number of
algebraic equations, the interior T* is generated only where
desired with no additional approximation in an insignificant
amount of time compared to that required to solve the alge-
braic equations. Indeed, all that is required to obtain T*
for a chosen p and sp is to sum [Eq. (15) ] 2AT products of known
quantities. The only restriction, for obvious reasons, is that
T* is not sought in D closer to C than one nodal spacing.
This is not a serious limitation, however, since T7* on C is pre-
viously known from the solution of Eq. (14).

With both the present and finite-difference procedures the
respective algebraic equations must be solved sequentially,
i.e., for values of sp in one case and for increments in time in
the other. However, for the class of problems involving
boundary conditions as described, a relatively small number
of sp is required to yield, via Schapery's technique, an accurate
expression for the temperature, continuous in time, such that
solutions for time dependent boundary conditions are given
directly by Eq. (25).

The illustrative problems of the last section were chosen,
primarily, to check the feasibility of the proposed ideas and to

§ Interval points Q$±i/2, nodal points P^.
Tf Notwithstanding the frequent sparsity of the matrices.

check the accuracy of the approximations against the associ-
ated analytical solutions. Our intent is to demonstrate that
the present scheme is indeed a workable one with a potential
for obtaining accurate numerical transform data and, hence,
by Schapery's or some other inversion process, yield a power-
ful and effective method of solution for a variety of problems.
Its greatest potential is, perhaps, for three-dimensional
problems, where because of the effective reduction in dimen-
sion involved, the computational problems, compared to
finite difference schemes, would be less than enormous.
Such problems and ones involving anisotropy of heat conduc-
tion are currently being investigated.
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